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PUE SCATIRREING MATREIX OF A GENERATL TNTHERCONNECTEION OF MULTTPOLIS
By Thomas~-Alfred Abhelo
Report from the Iastitute for High-Frequency Technalogy of the

Technical High School, Aachen
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L. Introdnction

Tn the most general ease, a multipole Qs an electrical
notwork with several pairs of terminals, 1f the dimensions on a
network become large enough to be comparable to the wavelength,
and Lf the circuits used are general-waveguides rather than twin
(Loop) ecircuits, a description in texms of currents and voltages
at the terminal pairs ig no longer.meaningful. In this case
especially, the use of so-called "wave matrices" is recommended,
and for nctworks with more than tweo pairs of terminals in
particular, the use of the scattering matrix. Tt relates the
normalized waves running outward from the terminal pairs of a
network to the waves running toward the terminals from the outside
and does so in the planes of the terminal pairs. For the purpose
of the following article, a basic familiarity with this descriptive
method is assumed (Ref. 1). Only assumptions and notations will
be briefly explained.

Under the follewing conditions, the description of a
network in terms of the seattering matrix is possible and meaning-
ful:

Condition as- The netwecrk must be linear.

Condition b: The netwerk must not contain any generators.
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in terminology appropriate for a scattering matrix:
the notwork must not have an outgoing wave at any
of the terminal pairs unless 1t has an. incoming
wave at least at one _terminal paik,

Conditien ¢: Only the reflectivity and propagation propertics of
the multipole are described fox wvery apeeific
"predetermined" types of waves in a cpecilfice
"predetermined" cireuwit at the individual pairs
of terminals. Thess "predetermined” ciceuits and
wave types way differ from terminal pair te Lerminal
pair.

Prom this, it follows that the scattering matrix determined
for a multipole can only reproduce the physical behavior.of the
multipole accurately if it is. ensured by some means that only the
"predetermined" wave types actually appear at the terminal pairs.
It therefore is senseless to cite an extreme example to treat the
interconnection of the coaxial-circuit terminal .pairs of a _.
multipole with the waveguide terminal pair of another multipole
with the aid of scattering matrices which were presupposed to have
a coaxial TEM-wave for the coaxial terminal pair and a TE,,-wave
for the waveguide terminal pair. It is not even possible for a
coaxial TEM wave te appear exclusively at the site of the connected
pair of terminals with .a TEIO-ane exclusively appearing at the
other pair. Thus, for the connection of twe terminal pairs, the
following holds:

Condition d: The cenneéeien of two pairs of terminals is
accurately described only by scattering matrices
that are identical with respect to the "predetermined"
circuit and the "predotermined' wave types in this
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circuit.
Condition e: In addition to this necessary condition, onc mast
make sure that, after the interconnection, only

these "predetermined" wave types appear.

Although it is possible to predetermine aseveral wave types
por pair of terminals (in the scattering matyix, this terminal
pair then shows as an apparaent. multiple, that is, onte por wave
type) , though only one eircuit, it will be assumed for what
follows that only onewave type is admitted per terminal palx.
This case oceurs most frequently in pragtice. 1In this case,
condition e) is satisfied by the existence of suffieiently long line
eclements, which lead into the interior of the multipole and on
which only the "predetermined" wavetype can propagate as the so~called
"“principal wave;"

Figure 1 shows the vth terminal pair of a multipole with the
outgoing and incoming waves:
normalized incoming wave at terminal pair v:iay,
normalized outgoing wave at terminal pair v:d,,

The normalizations are selected so that
%l‘.’:-lz == Pt

is the power of the incoming wave and

Flofe=rs

the power of the outgoing wave. Complex magnitudes are underlined,

matrices are boldface type.
The problem of determining the scattering matrix of a

general interconnection given there, however, is net entirely
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satisfactory in two respects:

1. Tt does not supply a closed term for the secattering matvix of
the new multipole.

2. Tts accuracy has been proven only by examples thus far.

The interconnection of two partial multipoles wath an
arbitrary number of terminal pairs is treated in Ref. 2. The
formuila ie more elosed but very complicated, Special cases of
multipede intereennections are computed in Ref. 3. 'The purposc
of this study is to derive a elosed, comprehenaive vorm for the
seattering matrix of the new multipole and to prove the aceuraey
of the formula presented in Ref, 1.

2. ‘'Yhe Interconnection of Multipoleg

The most common interconnection of given individuall
multipoles with a new multipole consist of

I. shutting off several terminal pairs of the individual

multipoles with specific reflection coefficients,
II. interconnecting individual terminal pairs of the
individual multipoles, perhaps across trunk circuits.
III. constructing the terminal pairs. of the new multipole
from the remaining terminal pairs - perhaps using
.extension circuits.

Let the individual multipoles be given by their scattering
matrices. All conditions cited in the introduction for the
multipole (conditions a and b), for the scattering matrices
(conditions c)z, and for the interconnection (conditions d and e)

shall be satisfied.
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Naturally, this can only be a single multipole that has been wired.
L8]

<

With the above-mentioned censtraint of one wave’ type per terminal

paix.,




Next, the total of the wnwired individual maltipoles is com=
bined into a large 2n-pole, “he terminal pairs will he designated as
follows s

vhe terminal pairs given under TIL. are ansigned nunbers L to m in
arhitrary sequence. Later, extendad across circuits, they form the
terminal pairs of the new multipole, which ia thorefore a 2m-pole.
rhe terminal pairs given under 1L, terminal pair m + lL,m + 2,..4,
ig swch a sequence that terminal pair mi + 1 will later ba con-
nected with m + 2, temminal pair m o+ 3 with m 4 4, ote,

whe terminal pairs givon undex L. recaive the remainlng

numbeirs up to #, i arbihtrary sequonces ...

Purthermore, all terminal_pairs are given agpocific counting

arrows for the incoming and outgoing waves Ay and h,. Wigure 2 shows
such a 2n~pole schomatically.

The associated matrix is

(0 ] (0 )

b |_slm | a

bmaa T =l ame ) S ( )
' LQ” / Lg” P,

Tts elements are determined by the given scattering matrices of the
individual multipoles.

The total matrix § is divided into four submatrices (Ref. 6)

in.the following manner:
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1then,

by = §l am | Bnay,
bt Saam - Siay. - | (4)
whe 2n-pole ig completoaly described by these ogquations,

Tn a similar manner, the tetal of the shut-~offn mentioned
ander 1. and the cirenit quadri-poles given in ILi. are aombined into
é second large 2(n + m)-pole. Later, n terminal pairs from thin
2(n + m)~pole are eonnectod with the Zn-pole, and Lhe yemaining
Larminid pairs bacome the terminnl pairn of the new Zm-pelo.
the Gomminal pairs roeceive the following designatien here:

he n termina) pairs that will latex be connect.ed with

the 2n-pole are designated 1' to n'!, in such a sequence

that terminal pair v' ig later connected with terminal

pair. v.

The remaining m t@fminal;pairs'Sh&ll*b@“d@Signnted"'l"~t0
m", in»such a sequence that texminal paix #" is connected with
»! within the 2(n + m)-pele by an extension circuit, 'Wexminal
gairs 1" to m" will later form the terminal pairs of the new 2m-pole.

Purthermorc, the counting arrows *-  :he incoming and out-
going waves g, and b, “epr alliterminal pairsi'v' are combined in
such a way that, when the‘interconnection is made later, they are
parallel to the counting arrows on terminal pairs v, as shown in
Figure 3.

The counting arrows on terminal pairs p" for the incoming and
outgoing waves g, andwévn should point in the direction of the count-
ing arrews at the other end of the extension eireuit according to
Fig., 4. Pigure 5 schematically shows sueh a 2(n + m)-pole with in-=

ternal connecting circuits, extension eircuits, and shut-offs. To




where g,

The abbreviations

yield the equations

Por tha total of forinal paics
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the terminal pairs more apparent, the 2n-pole ig also shown.
According to ¥ig, 4, for a coupie of terminnal pairs »* and

) connacted hy an extengion cireuit,
Z),u ) [1]

L' o m! and 1" te wm", then,




oy o terminal-pair couple p! and (v + L)' (v w1,
. @ b 3,...) connected with the 2(n + wm)~pole by a connealing cir-
- cuit, accorvding to Wig., 6, cither

( y ),( 0 ol") ) ( hy ') (caac 1)
oy e t+1)’ e 0 bory ! |
il e . ¢ N aaace d)
(Q‘l f”') ( Lol ‘3q' 0 l’.("f’l)'

where g, ia the propagation eonastant of the »th copneating cinanit,

According to ¥Wig, 7, fer a terminal paix p'(p = n, n~- 1,
LoW) wired.in the 2(n + om)-pola with a specific veflection coef-
ficiant,

e v ':t"".‘.v“

whao e, ig the reflection costficient of the sbut-off, Tta tho
case of P, 0, the above relation in net valid, Whis e'L:i,:I‘f'iz':L(le.'l;y
is solved in the_following manner :

Lf a-terminal pair of the 2n-pelo is chut off vefleetion-

- frea, then (sce IMig. 2)

‘since the eutgoing wave bu iy not of interest on this

terminal paix, the reflection-free shut-off ean be oxpressced by deleting
pair v then will not appear in subsequent caleculations. In this way,
case p, = 0 for Fig. 7 is excluded, and the need to consider limitations
is circumvented.

Fér the total of terminal paixs (m + 1)* to n', now

Simvay . , Yy
., ‘ = L{a. . (9) .
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(10).
( ' . |
0 fdmti @ ' S |
4reimer 0 0 "0 .
0 ' 0 ) A efmd .
0, " 0 ig‘!_mm N R .
o fn-)
‘ " a\ ] .. s = . . & » '0 LI I ) 0 "
{ . ) ] . |
ey ahbr gt i B
e abbhravinkions Aty bty
. g, .o == bige _ {11)
yiedd g Kby, (12)

The 2(n + m)-pole i complotoly desdribod by Ego. (8) and (12).

The intecconnection of torminal pairs o with texminal

sadrn vl (p = 1,2,...0) vielda, acecording to Mig. 3
’ ¥ % !
!'," €3 bl' [

' [
9,': Jg.‘. vr"‘llzl'ﬂl'nl

PYrom this, it follows that

4
i = by wgr s by, o
. : 13
bz amy  baes g, (13)

These equations deycribe the fact of.the interconnection.
Heuations (4), (8), (12),- and (13) form a system of linear
matrix cquations, whieh must be reduced acoording to

b s 8 g (14)

S"is then the scattering matrix of the new Zm-pole. The reduction ...

of the system is carried out in the appendis.. The result is

8 < Ky [$1 - SalSam Ka) Sy Ko (16) -
This relation represents a.generally valid, closed, and comprehensive
cxpression,forﬁscatﬁéring'matrix'gﬂaﬁxthe.new multipole,

3. Discussion of Eg. (15).

vhe ceffoet of the extension cixcuit is extressed by Kq.
T¥ a 2n-pole is wired oxclusively with extension circuits, the scate

tering matrix of the new mwltipole, frem Heg. (15), Fs:
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g KaS K. (16)

i this case,
Arj‘ = A(), ]

Accordingly (see Eq. 6 for Kq), element S,

N of the new scattering

matrix is

Syorgr == Qo @r®) . ar)

Equations (16) and (17) are found in Refs, 1 and 4.

Since the effect of extension circults is easy Lo over-
look, as in RBg. (L7), these will generally not te be tiken inke
consideration., Matrix &1 then becomes a unilt matrix, and Eq. (15)
adopts the simpler form

8§ o= Sy S2(Sa— Ko) 1 830 (18)
From thils, we obtain for element S5 my» '
where Sureyre == S1pp— #85(8q— Ka)14S3. (19)_

S1uv is the element in the uth row.and the vth column of matrix ﬁl’
uSy is the row matrix consisting of the uth row of Sor

vs3v is the column matrix consisting of the vth column of S3.

As shown iﬁ the appendix, Eqg. (19) can be stated in the form

o
n23 [ a4
~dot (Si—Kdf (20)

§l‘“'" =

Equation (20) represents - in a somewhat changed notation - the relations
giveh in ﬁef. 1 for a single element gu"v" of the new scattering
matrix S$". The general validity of the formula presented there is
thus demonstrated. |

A comparison of Eg. (20) with Eq. (18) with respect to the
amount cf.the calculation needed to deteriine scattering matrix S
indicates'that

Eq. (20) is preferable ifm<n~-m,

Eq. (18) is preferable if m>n - m,
If matrix S, becomes a null matrix, Eq. (:8) is decidedly preferred,

since then
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Seos 8y - S K1 S, (1)

.

A glance at Eg. (L0) shows thnat the reciprocal matrix

- (22)
0 efmn g 0 ... 0)
+eo7in1r g 0 0 .
e a0 getme
| € 0 gotma oo
e T3 »
_I'- . ' ,','nﬁ 0
L 0 . vo . 0"- o a - o & 0 ,.' . 0 IﬂJ

is easy to derive. Example 8 in Ref. 1l presents such a special
case.

If all the terminal pairs of a multipole, cxcept for
one terminal pair (v = 1), are wired with specific reflection co-

efficients, Matrix'I_{2 has the following form according to Eq. (10):

,
: Pl_ 0 . - > L] 0
.\ !2
ol .
I3
.EQE . AN .. . N
0 . L] . . L]
. * Tn )
This matrix cean also be written as - %? ? Lo 03
- r X
Ko = * . * -.-_—.r'l,

0, . ....Zn

The incoming reflection coefficient of tﬁe bipole resulting from
the wiring:is obtained from this and, with Eq. (19), becomes
e =S = S —183(Ss—r-1)-1,185. (23)
For the case of tﬁe quadripole, this relation takes the well known
form
= Sy = S (S —r )" 8y
Equation (23) represents a correspondingly generalized expression

for the multipoles,

-l]-

- ey i e eename ek ST RN T ey oo -

U s N A P




4,  Fxample.

whe scattering matxix for the microwave biidge ahown in
Pig., 8 is to be detoermined.
rhe bridge consists of two ideal magic T's with terminal

7; and 2; 4; 9; 11 and two general quadripoles with

-~

pairs 1; 3; 9;

terminal pairs 6; 10 and 8: 12, Terminal pairs 3 and 6, 7 and &, 9

and 10, 11 and. 12 are connected, The partial multipoles have scat-

taring matrices {Ref, 1)

3 8.7, |2 4 19 e w18
R L I e R il e
510 0 —c o 1o 0 —o o wmiosY/E, 10|f0s Simo 12| Sus S
5\0 —c 00 ile —e 00 o . -
Me. ¢ 00 9le ¢ 00 o IR .

¥rom this, matrix S of Eq. (1) is obtained as

0 11 12

q .

1 2 3 4| 6 6 8 9

1fo 0o 0 o0 ¢ 0 ¢ 0o 0 0 0 0
“9l0.¢ 0 0| 0 0 0 0 ¢ O ¢c 0
30 0 0 0|—c 0 ¢ 0 0 0 0 0
4100 0 0| 00 0 0 ¢ 0 —c O
6| ¢ 0=—¢c 0] O 0 O O 0o 0 o o0

6l 0 0 0 0/ 0 86 0 0 0 S0 0 O =S.
¢ 0o ¢ 0| 0 0 0 0 0 0 0 0
8100 0 0| 0 0 0 S 0 0 0 G
"9/ 0 ¢ O ¢l 0 0 0.0 0 0 0 ¢
10,6 0 0 0 0 Sws © @ 0 Sioro O

1] 0 ¢ 0 —c 0.0 0 0 0 0. 0 O
120 0 0 0 0 0 0 8190 0 0 S

Matrix Kq is the unit matrix, and matrix Kot with direct connections

and the counting arrows as drawn, has the form (Eg. 10)

6678 9101112
5/0 1000000
6/1.0000000
7100010000
810010000 0 =K
‘9l00000100
10l00001000
“11{00000001
"12{00000010

N

The formation of the reciprocal matrix £94 ’Nfz) 1 ig very simple

and yvields
¥ -1~




|6 6 7.8 9 101 12

6|86 1 0 0 S 0 0 o0

6{ 1-0 0.0 0 0 0 0

710 0 S 1 0 0 Sug 0 .

810 0 1 0 0 0 0 ¢ ==—(Si—E),
Y §ma 0 0 0 'éjmw 1 0 0 I' !
000 0 0 0 1 0 0 o

0 0 8us 0 0 0 8zg 1

2,0 ¢ 0 0 0 0 1.0

Through eclementary matrix multiplication, the new scattering matrix

corresponding to Eq. (18) is obtained:

(Nun b Nan) (Nwo sl S} G Qun o Nuw) (Sarg === M)
Qv oy (S0 b Sian)  Semvo ok Mima) C-Sueck Sz (fowe e M)
= (=800 -~ Sas)  (—Soro |- Ss1a) (Seo -+ Sss)  (—Sui0 -—Suz)

(S106 — Sion) (S1010-—~S1212)  (—Shee — S128) (S1010 -+ S1212)

For the special quadripoles

16 10 |8 12
6l0 —1 ""glo 1
1001 0 1241 00
{gyrator) (direct connection)

we obtain the circulator

§n =

c oo
o -0 o
- o O
cCo o~

If, on the other hand, terminal pairs 2 and 3 are shut off reflec-

tion-free, then for the remaining quadripole,

(!’J) — _1_( (Soo + Sps)  (Sero —- Seuz) ) (.f_u)
be/ 2 \(Shoo—Si2s) (Sror0 + Si212)/ \aa

This is a microwave measuring bridge. It makes ﬁhe measuren mt of
nonreciprocal quadripoles (8; 12) through comparison with a quadripole
constructed of a variable attenuator and a variable phase shifter

(6; 10). The balance condition is obtained, for example, when
terminal pair 1 is being charged and pair 4 is shut off with a re-

=] 3=

= 4
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(lection-free detector over

1
ha == (Shao—Sizs) == 0
1o
a = 8 :
2128 7 PL06

Tt is worthy of note that the measurcment result is not falsified

by mismatching of the quadripele (8; 12).

A.L. Reduction of the linear system of matrix equations.
The following applied:

bu=Siam+ Saan, bu==Sean+Sign; (@)

l_’m‘ == El,‘,‘,m” » Qm" == _IS_J, T’ s (8)
an = Ko b (12)

@m' = bmy bm == am, @n = by, ba =an. (13)

Equations (13), introduced into (8) and (12), yield

apn=Kian+, bm=Kibm; (8a)
by = Kaan. (12a)

Since.KI never becomes a null matrix, the first expression of Eg. (4)

can be expanded with K1: |
.Igl!.’.m = El:glf,‘_m - Ex-ﬁag».

Introduced into Eg. (4), Egs. (8a) and (12a) then result in

by =KiS1Kram + K1 S2an, (42)
.'.I_’:B Qp = §_3 EL an’ - §,4 Qn.

The second expression of Eq. (4a) can he.solved for.a, if matrix
. ] ) . dot (._S'_q-—-_f_(_z) 0.
S4 - X, is not singular; i.e., if

The result 1o ey —(Sg— Ka) 1 Sy Krapgn

rrom this, it follows that o .
‘ buye = K3 [Sy == Sa(Sa— Kz)2 Ssl Kaens

which proves Eg. (15).

A.2. Proof for the relation (Eq 20) presented in Ref. 1.

=]14=




‘“he identity va] £S,
det { - —% 4) = Sy "52(»54!{_3)! S
\_+Sa |84 -K

Mm‘det ( §4 ,52),_, -

mast be proved. The reciprocal matrix ,
Suw I kSa ) (_;;:w_,‘,,_“,g"_m) o= JE
( Si |Sa—Xa/\ € | D '
is constructed. The result is :

"By A+ #S:C =1,
o+ (Se-Ka) € = (0).

it follows from this that
(glﬂ' " "§2 (§4 - ,ffea)”" !,'5;.}) 4 = ),

On the other hand, as we know, for the element A we obtain

dot (Sa—K2)
A= (q,,. [ esa )

vl o 21 e A s

TS |Sa—Ke

This constitutesthe proof. The identity presented is a special.

case of Sylvester's law (Ref. 5).
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